TWO MONOTONIC FUNCTIONS INVOLVING GAMMA 
FUNCTION AND VOLUME OF UNIT BALL 
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Abstract. In present paper, we prove the monotonicity of two functions in- 
volving the gamma function T(x) and relating to the n-dimensional volume of 
the unit ball B n in R n . 



1. Introduction 

It is well-known that the classical Euler's gamma function may be defined by 

/■oo 

T(x) = / t*- x e-*d* (1) 
Jo 

for x > and that the n-dimensional volume of the unit ball B™ in W l is denoted 

by 



For x > 0, define the function 

\nT(x + l) 



-, 1^0,1, 



F(i)H ^ + D-M, + ^ (3) 

.2(l- 7 ), x = \. 

Recently, the function F(x) was proved in [7] to be strictly increasing on [0,1]. 
Moreover, as a remark in [7], the function F(x) was also conjectured to be strictly 
increasing on (1, oo). 

The first aim of this paper is to verify above-mentioned conjecture which can be 
recited as the following theorem. 

Theorem 1. The function F(x) defined by (3) is strictly increasing on [0, oo). 
The second aim of this paper is to derive the monotonicity of the sequence 

^l/[ln(« 2 /4+l)-ln(n/2+l)] ^ 

for n £ N by establishing the following general conclusion. 
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Theorem 2. The function 

f „x I l/[ln(z 2 + l)-ln(z+l)] 

GW - [WTT)\ < 5 » 

is strictly decreasing on (1, oo). Consequently, the sequence (4) is strictly decreasing 
for n > 3. 

2. Two LEMMAS 

In order to prove Theorem 1, we need the following lemma which can be found 
in [13, pp. 9-10, Lemma 2.9], [14, p. 71, Lemma 1] or closely-related references 
therein. 



Lemma 1. Let f and g be continuous on [a, b] and differ entiable on (a, b) such that 
g'{x) =/= on (a, b). If |t^j is increasing {or decreasing) on (a,b), then so are the 
factions gg^Jg and fg^fg on (a,b). 

We also need the following elementary conclusions. 
Lemma 2. The functions 

pi(x) = x 3 + 3x 2 - x - 1, 
p 2 (x) = x 3 + 3x 2 - x - 1, 
p 3 (x) = 3.x 4 + 8x 3 + 2.x 2 - 1, 
p 4 (x) = x 5 + 3x 4 + 2x 3 + 2x 2 + x - 1, 
p 5 (x) = x 5 + 5x 4 + 6x 3 - 3x - 1, 
p 6 (x) = 120(15 - 41n7r)x 3 + 240(20 - 71n7r)x 2 
+ 48(59 - 32hi7r)x + 72(3 - 4hi7r) 

are positive on (l,oo). 

Proof. An easy calculation shows that 

15-4hi7r= 10.421- •• , 20-71n7r = 11.986- •• , 

59 - 32hi7r = 22.368- •• , 3-4hi7r = -1.578- •• . 

Then Descartes' Sign Rule tells us that the function Pi(x) for 1 < i < 6 have just 
one possible positive root. Since 

Pi(0) = -1, P2(0) = -l, p 3 (0) = -l, P4(0) = -l, p 6 (0) = -l, 
Pi(l) = 2, P2(l) = 2, P3 (l) = 12, p 4 (l)=8, p B (l)=8, 

and 

p 6 (0) = -72(41n7r-3) 

= -113.68- •• , 
p 6 (l) = -[120(4 In 7T - 15) + 72(41n7r - 3) 

+ 240(7 In 7r - 20) + 48(32 In tt - 59)] 

= 5087.39 

these functions are positive on [1, oo). □ 
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3. Proof of Theorem 1 



The monotonicity of the function F(x) on [0, 1] was proved in [7]. 
For x 6 [1, oo), it is easy to see that 

lnF(x + l) _ lnr(a; + l)-lnr(l + l) _ f{x)-f(l) 



ln(x 2 + 1) - ln(x + 1) 



In _ i n 

111 x+l 111 1 + 1 



9(x)-g(l) 



where 



/(x) =lnr(x + l) and g{x) = In 



x 2 + l 



X + 1 



on [1, oo). Easy computation and simplification yield 

f'(x) _ (x + 1)(x 2 + 1)t/;'(x + 1) 



and 



where 



and 



9'{x) 

_d_ 

dx 



x 2 + 2x - 1 



/'(*) 



9'{x) 



q(x) 

(x 2 + 2x-l) 2 ' 



By virtue of 



and 



q(x) = (x 4 + 4x 3 - 2x 2 -Ax- 3)tp(x + 1) 

+ (x + 1) (x 2 + 1) (x 2 + 2x - 1) V'(x + 1) 

g'(x) = 4(x 3 + 3x 2 - x - l)V-(x + 1) 

+ (x 2 + 2x - 1) [2(3x 2 + 2x + l)tp'(x + 1) 
+ (x + l)(x 2 + l)V/'(x + l)]. 



lnx — — < tb(x) < lnx — 

x rw 2x 



(fc-1)! k\ , l(k) . ,, (fc-l)! fc! 
: <l^ ) W|<^-F A + -fe TT 



(6) 



(7) 



(8) 



x 2x' c + 1 

for x > and n E N, see [3, p. 131], [4, Lemma 3], [9, p. 79], [11, Lemma 3] or 
related texts in [6, 10], and by using of the positivity of Pi(x) in Lemma 2 and 



^<ln(l + t)<4^4 
2 + t ~ V ' ~ 2(l+t) 

on (0, oo), see [5] or [12, p. 245, Remark 1], we obtain 

1 



(9) 



ln(x + 1) 



q'{x) > 4(x 3 + 3x 2 - x - 1 

+ (x 2 + 2x- l)|2(3x 2 + 2x+ 1) 
- (x + l)(x 2 + l 



x + l 
1 



+ 



x + l 2(x + l) 2 



4(x 3 + 3x 2 - x - 1) 



(x + l) 2 (x + l) 3 

4 + x - 4x 2 + 6x 3 + 16x 4 + 5x 5 



ln(x + 1) + 



4(x + l) 2 (x 3 + 3x 2 -x-l) 
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> 4(x 3 + 3x 2 



1) 



2.x 4 + x - 4x 2 + 6x 3 + 16x 4 + 5x 5 



_x + 2 4(x + l) 2 (x 3 + 3a; 2 -x- 1) 
13a; 6 + 66x 5 + 86a; 4 + 8x 3 - 31x 2 - 2.x + 8 
" (x + l) 2 (x + 2) 

on [1, oo). Because 

13x 6 + 66x 5 + 86x 4 + 8x 3 - 31x 2 - 2x + 8 = 13(x - l) 6 + 144(x - l) 5 

+ 611(x - l) 4 + 1272(x - l) 3 + 1364(x - l) 2 + 712(x - 1) + 148 > 

on [1, oo), it follows that q'(x) > 0, and so the function q(x) is increasing, on [1, oo). 
Due to 



= 8 ^— - lj - 4(1 - 7 ) = 3.468 • 
the function q(x) is positive on [1, oo). Therefore, 



_d_ 

da; 



/'(*) 



> o 



on [l,oo), which means that the function —, i x \ is strictly increasing on [l,oo). 
Furthermore, from Lemma 1 and the equation (6), it follows that the function (3) 
is strictly increasing on [1, oo). The proof of Theorem 1 is complete. 

4. Proof of Theorem 2 
Taking the logarithm of the function G(x) and differentiating yield 

(ln7r)x-lnr(x + l) 



and 



lnG(x) 
[lnG(x)]' 



ln(x 2 + 1) - ln(x + 1) 



where 



g(x) = [ln7r — tp(x + 1)] In 



[ln(x + l) -ln(x 2 + 1)] 2 ' 
2 + 1 x 2 + 2x - 1 



x+1 (x + l)(.x 2 + 1) 



[(ln7r)x-lnr(x + l)] 



x 2 + 2.x - 1 / (.x + l)(x 2 + l)[hi7r - ip{x + 1)] x 2 + 1 



(x + l)(x 2 + l) 
- (In7r)x + lnr(x + l)| 

h(x), 



x 2 + 2.x - 1 



x + 1 



A x 2 + 2x - 1 



with 



h'(x) = 



(x + l)(x 2 + l) 
ln(x + 1) - ln(x 2 + 1) 



and 



(x 2 + 2x- l) 2 
+ (x + l)(.x 2 + 1) (x 2 + 2x - l)^'(x + 1)} 

= hi(x) 

h[(x) = 4(x 3 + 3x 2 - x - l)i>(x + 1) 



{ (x 4 + 4.x 3 - 2.x 2 - 4x - 3) [^(x + 1) - InTr] 
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+ 2(3x 4 + 8x 3 + 2x 2 - l)ij/(x + 1) 
+ (x 5 + 3x 4 + 2x 3 + 2x 2 + x - l)tp"(x + 1) 
- 4(x 3 + 3x 2 -x-l) In 7r. 
Utilizing Lemma 2 and employing (7), (8) for k = 1 and (9) give 

1 



and 



^(x) > 4(x 3 + 3a; 2 - x - l) 



ln(x + 1) - 



x + 1 



+ 2(3a; 4 + 8a; 3 + 2.T 2 -l) 



1 



1 



- (x 5 + 3a; 4 + 2a; 3 + 2x 2 + x - l) 



x+l 2(a; + l) 2 
1 



+ 



(a; + 1) 2 (x + l) 3 



4(x 3 + 3x 2 



l)ln7r 



1 



■ [(7 - 4 In n)x 5 + (26 - 20 In tt)x 4 - 6(4 In tt - 3)x 3 



> 



(x + l) 2 
+ (ll + 121n7r)x-2 + 41n(7r) 

+ 4(x 5 + 5x 4 + 6x 3 - 3x - 1) ln(x + 1)] 
1 

(x + l) 2 

+ (11 + 121n7r)x - 2 + 41n(7r) 

2x 



(7 - 41n7r)x 5 + (26 - 201n7r)x 4 - 6(41 n7 r - 3)x 3 



+ 4(x 5 + 5x 4 + 6x 3 -3x-l) 
1 



x + 2_ 

[(4 In 7T - 15)x 6 + 4(7 In 7T - 20)x 5 



(x + l) 2 (x + 2) 
+ 2(32 In 7T - 59)x 4 + 12(4 In tt - 3)x 3 

+ (13 - 12 In tt)x 2 - 4(3 + 7 In tt)x + 4 - 8 In tt] 
1 

h 2 {x) 



(x + l) 2 (x + 2) 



h' 2 (x) = 6(41 n7 r - 15)x 5 + 20(71n7r - 20)x 4 + 8(32 In tt - 59)x 3 
+ 36(4 In tt - 3)x 2 + 2(13 - 121n7r)x - 4(3 + 71n7r), 

h 2 \x) = 30(4 In tt - 15)x 4 + 80(7 In tt - 20)x 3 

+ 24(32 In tt - 59)x 2 + 72(4 In tt - 3)x + 2(13 - 121n7r), 

h 2 "{x) = 120(4 In tt- 15)x 3 + 240(7 In tt-20)x 2 
+ 48(32 In tt - 59)x + 72(41n7r - 3). 

By Lemma 2, it follows that h'^(x) is negative on [1, oo), so h 2 ' (x) is decreasing and 
h' 2 (x) is concave on [l,oo). Since 

h' 2 \l) = 2(13- 121n7r) + 30(41n7r- 15) + 72(41n7r - 3) 
+ 80(7 In 7r — 20) + 24(32 lnrr - 59) 
= -1696.22- •• , 
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the derivative h 2 {x) is negative, and thus h,2(x) is concave and h' 2 (x) is decreasing, 
on [1, oo). From 

h' 2 (l) = 2(13 - 121n7r) +6(41n7r - 15) + 36(4hi7r - 3) 
+ 20(7 In tt - 20) - 4(3 + 71n7r) + 8(32 In tt - 59) 
= -469.89- •• , 

it is immediately deduced that h' 2 (x) is negative and the function h 2 (x) is decreasing 
on [1, oo). Due to 

h 2 (l) = 2 - 161n7T + 12(41n7r - 3) + 4(7hi7r - 20) 
- 4(3 + 7hi7r) + 2(32 In tt - 59) 
= -134.10- •• , 

we derive that the function h 2 {x) is negative on (1, oo), so h[(x) > and hi(x) is 
increasing on (l,oo). From 

/ii(l) = 8^y - 1^ - 4(1 -7) +41n7r = 8.04- •• , 

it follows that the function h\(x) is positive on (1, 00), and thus the derivative h'(x) 
is negative and h{x) is decreasing on (l,oo). Since h(l) = — Inn = — 1.14- ••, it 
follows that the function h{x) is negative, that the function g(x) is negative, and 
that the derivative [lnG(x)]' is negative on (1, 00). As a result, the function G(x) 
is strictly decreasing on (1, 00). 

It is clear that the sequence (4) equals G(^), so the sequence (4) decreases for 
n > 2. The proof of Theorem 2 is complete. 



5. Remarks 

Remark 1. In [2, Lemma 2.40], it was proved that the sequence 0,1/" decreases 

^00 i/ 

jn=2 

lim fiV^l"*) = e- 1 ' 2 . (10) 



strictly to as n — > 00, that the series Y^=2 Oj/ lnn is convergent, and that 



In [1, Corollary 3.1], it was obtained that that the sequence fi^™' 11 ™' is strictly 
decreasing for n > 2. 

In [8], it was procured that the sequence fi^™ 1 "™* 1 is strictly logarithmically 
convex for n > 2. 

By L 'Hospital rule, we have 

„, . (ln?r) - ip(x + 1) 

lim lnG(x) = lim — — = -00, 

x^oo x^oo [x A + 2x — l)/(x A + x l + x + 1) 

hence, 

lim G(x) = lim 



_r(x + i) 

and the sequence (4) converges to as n — > 00. 

Remark 2. We conjecture that the sequence (4) and the function (5) are both 
logarithmically convex on (1, 00). 
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